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Abstract
We consider the question of bags and confinement in the frame-
work of a theory which uses two volume elements
√−gd4x and Φd4x,
where Φ is a metric independent density. For scale invariance a dila-
ton field φ is considered. Using the first order formalism, curvature
( ΦR and
√−gR2 ) terms , gauge field term( Φ
√
−F aµν F aαβgµαgνβ
and
√−gF aµν F aαβgµαgνβ ) and dilaton kinetic terms are introduced in
a conformally invariant way. Exponential potentials for the dilaton
break down (softly) the conformal invariance down to global scale in-
variance, which also suffers s.s.b. after integrating the equations of
motion. The model has a well defined flat space limit. As a result
of the s.s.b. of scale invariance phases with different vacuum energy
density appear. Inside the bags the gauge dynamics is normal, that
is non confining, while for the outside, the gauge field dynamics is
confining.
1 Introduction and Conclusions
In the bag model of confinement [1] two phases for gauge fields are iden-
tified, first the free non confining dynamics for the gauge fields that holds
inside the bags, there gauge fields are prevented to flow to the outside (con-
finement) region by the M.I.T. bag model boundary conditions. On the
other hand, in modern cosmology working with different phases is a central
theme and also in the context of modern cosmology, as well as for the bag
model, we need two phases. In cosmology the two phases they should be
connected through cosmological evolution, while in the bag model through
the boundary of the bag.
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As it is well known, in the context of cosmology, it is very difficult to
understand the smallness of the observed present vacuum energy density.
This ”cosmological constant problem”, has been reformulated in the context
of the two measures theory (TMT) [2] - [6] and more specifically in the
context of the scale invariant realization of such theories [3] - [6]. These
theories can provide a new approach to the cosmological constant problem
and can be generalized to obtain also a theory with a dynamical space-time
[7] . The TMT models consider two measures of integration in the action,
the standard
√−g where g is the determinant of the metric and another
measure Φ independent of the metric. To implement scale invariance (S.I.),
a dilaton field is introduced [3] - [6].
In the TMT theories we obtain drastic modifications of the dynamics
of vacuum energy density, which produces naturally a zero cosmological
constant and together with this regions of very small vacuum energy den-
sity. These ideas work particularly well in the context of scale invariance
which can be spontaneously broken by the integration of the equations of
motion. What is most important for the present research is that it is the
nature of the two measures theories to change not only the dynamics of the
vacuum energy density, but also that of the matter itself. For example, in
the context of the spontaneously broken scale invariant theories, the dila-
ton field decouples from the fermionic matter at high densities, avoiding
the fifth force problem, see [8], [9]. On the opposite limit, fermionic matter
was shown to contribute to the dark energy density for very small densities
[10].
In this paper our focus will be on the interplay between gauge field
dynamics, in particular confinement properties and the different phases as
defined with the help of TMT and whether the possibility of obtaining a
confinement phase and a deconfined phase (like in the MIT bag model)
can addressed in this context. Using the first order formalism, curvature (
ΦR and
√−gR2 ) terms , gauge field terms and dilaton kinetic terms can
be introduced in a conformally invariant way. Exponential potentials for
the dilaton break down (softly) the conformal invariance down to global
scale invariance, which also suffers s.s.b. after integrating the equations of
motion. As a result of the s.s.b. of scale invariance phases with different
vacuum energy density appear. In this contribution we will review the
principles of the TMT and in particular the model studied in [3], which
has global scale invariance. Then, we look at the generalization of this
model [6] by adding a curvature square or simply ”R2 term” and show that
the resulting model contains now two flat regions. The existence of two
flat regions for the potential is shown to be consequence of the s.s.b. of
the scale symmetry. The model is then further extended to include gauge
fields. A gauge field strength squared term coupled to
√−g, a square
2
root of a gauge field strength squared term coupled to Φ and a mass term
for the gauge fields coupled to Φ are the unique candidates which respect
local conformal invariance and they can provide a consistent framework
to answer the questions posed. For the issue of electric confinement we
disregard the mass term and consider only the gauge field strength squared
term coupled to
√−g and the square root of a gauge field strength squared
term coupled to Φ. This square root term has been studied before in
order to reproduce confinement behavior [11],[12]-[17]. In the context of
the softly broken conformally invariant TMT model it appears however in
a particularly natural way. After s.s.b. of scale invariance, the amazing
feature that the square root gauge field term is totally screened in the high
vacuum energy regions (inside the bags) and acts only outside the bags,
reproducing basic qualitative behavior postulated in the M.I.T bag model,
also some difficulties present in the original formulation of the square root
gauge fields approach to confinement are resolved when the square root
term is embedded in the TMT model presented here. . . .
2 The Two Measures Theory Fundamentals
We work in the context of a theory built along the lines of the two measures
theory (TMT) [2], [3], [4], which deals with actions of the form,
S =
∫
L1
√−gd4x+
∫
L2Φd
4x (1)
where Φ is an alternative ”measure of integration”, a density independent
of the metric, for example in terms of four scalars ϕa (a = 1, 2, 3, 4),it can
be obtained as follows:
Φ = εµναβεabcd∂µϕa∂νϕb∂αϕc∂βϕd (2)
and more specifically work in the context of the globally scale invariant
realization of such theories [3], [4], which require the introduction of a
dilaton field φ. We look at the generalization of these models [4] where an
”R2 term” is present,
L1 = U(φ) + ǫR(Γ, g)
2 (3)
L2 =
−1
κ
R(Γ, g) +
1
2
gµν∂µφ∂νφ− V (φ) (4)
R(Γ, g) = gµνRµν(Γ), Rµν(Γ) = R
λ
µνλ (5)
Rλµνσ(Γ) = Γ
λ
µν,σ − Γλµσ,ν + ΓλασΓαµν − ΓλανΓαµσ. (6)
3
For the case the potential terms U = V = 0 we have local conformal
invariance
gµν → Ω(x)gµν (7)
and ϕa is transformed according to
ϕa → ϕ′a = ϕ′a(ϕb) (8)
Φ→ Φ′ = J(x)Φ (9)
where J(x) is the Jacobian of the transformation of the ϕa fields. This will
be a symmetry in the case U = V = 0 if
Ω = J (10)
global scale invariance is satisfied if [4], [3](f1, f2, α being constants),
V (φ) = f1e
αφ, U(φ) = f2e
2αφ (11)
In the variational principle Γλµν , gµν , the measure fields scalars ϕa and
the ”matter” - scalar field φ are all to be treated as independent variables
although the variational principle may result in equations that allow us to
solve some of these variables in terms of others, that is, the first order for-
malism is employed, where any relation between the connection coefficients
and the metric is obtained from the variational principle, not postulated a
priori. A particularly interesting equation is the one that arises from the
ϕa fields, this yields L2 = M , where M is a constant that spontaneously
breaks scale invariance. The Einstein frame, which is a redefinition of the
metric by a conformal factor, is defined as
gµν = (χ− 2κǫR)gµν (12)
where χ is the ratio between the two measures, χ = Φ√−g , is determined
from the consistency of the equations to be χ = 2U(φ)
M+V (φ) . The relevant fact
is that the connection coefficient equals the Christoffel symbol of this new
metric (for the original metric this ”Riemannian” relation does not hold).
There is an effective action, where one can use this Einstein frame metric,
it is determined by the pressure functional, (X = 12g
µν∂µφ∂νφ).
Seff =
∫ √
−gd4x
[
−1
κ
R(g) + p (φ,R)
]
(13)
p =
χ
χ− 2κǫRX − Veff (14)
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where Veff is an effective potential for the dilaton field given by
Veff =
ǫR2 + U
(χ− 2κǫR)2 (15)
R is the Riemannian curvature scalar built out of the bar metric, R on
the other hand is the non Riemannian curvature scalar defined in terms
of the connection and the original metric,which turns out to be given by
R =
−κ(V+M)+κ
2
gµν∂µφ∂νφχ
1+κ2ǫgµν∂µφ∂νφ
. This R can be inserted in the action (13)
or alternatively, R in the action (13) can be treated as an independent
degree of freedom, then its variation gives the required value as one can
check (which can then be reinserted in (13)). Introducing this R into the
expression (15) and considering a constant field φ we find that Veff has two
flat regions. The existence of two flat regions for the potential is shown to
be consequence of the s.s.b. of the scale symmetry (that is of considering
M 6= 0 ).
3 Gauge Field Kinetic Terms, Mass Terms and
”Confinement Terms” in the Softly Broken Con-
formally Invariant TMT Model
Now we will see that the incorporation of a term of the form
√−F aµν F aµν ,
which in flat space is known to introduce confinement behavior, is in the
TMT case quite natural, in fact, there is a good reason to include it, since it
respects conformal symmetry if coupled to the new measure Φ . This kind
of coupling of a square root gauge field strength to a new measure has been
considered in the context of conformally invariant braneworld scenarios[18]-
[21], which allow compactification, branes and zero four dimensional cos-
mological constant. Another place where square root of gauge field square
coupled to a modified measure find a natural place is in the formulation of
Weyl invariant brane theories[22]-[25]. Black hole solutions in the presence
of both a regular Maxwell term and a square root of gauge field square
have been also considered [26]. An early model which enriches the ”square
root” gauge theory with a dilaton field so that it could describe confined
and unconfined regions (bags) was done ”by hand” in [27]. This will be
obtained most elegantly however by embedding the square root terms into
the TMT formalism.
The reason for the conformal invariance of the
√−F aµν F aµν is very
simple: conformally invariant terms (with respect to (7) , (8), (9) and
(10))in TMT are of two kinds, if they multiply the measure Φ they they
must have homogeneity 1 with respect to gµν , or if they multiply the mea-
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sure
√−g they they must have homogeneity 2 with respect to gµν , since√−F aµν F aµν =
√
−F aµν F aαβgµαgνβ , then according to (7)
√−F aµν F aµν →
Ω−1
√−F aµν F aµν if Ω > 0 and Φ → JΦ = ΩΦ, so that Φ√−F aµν F aµν is
invariant, provided J = Ω > 0.
A similar story happens with a mass term for the gluon, AaµA
a
αg
µα in
TMT, this can be a conformally invariant if it goes multiplied with the
measure Φ.
Likewise, the conformally invariance implies that a term proportional
to F aµνF
a
αβg
µαgνβ has come multiplied by the Riemannian measure
√−g,
since
√−gF aµνF aαβgµαgνβ is invariant under conformal transformations of
the metric. We take therefore for our softly broken conformal invariant
model, where we exclude mass terms for the gluons,
S = SL+SR2−
1
4
∫
d4x
√−gF aµνF aαβgµαgνβ+
N
2
∫
d4xΦ
√
−F aµνF aαβgµαgνβ
(16)
here SL contains the terms linear in the curvature scalar, plus scalar field
kinetic terms and potentials and SR2 refers to the R
2 contribution defined
before. The consequences of having both a mass term and a confinement
term have been explored in [14] where it was shown that in such a case
confinement is lost in favor of a Coulomb like behavior, but, as mentioned
before, for the purposes of this paper this will not be considered here.
4 Description of the Bag Dynamics in the Softly
Broken Conformally Invariant TMT Model
Let us proceed now to describe the consequences of the action (16). The
steps to follow are the same as in the case where we did not have gauge
fields.
One interesting fact is that the terms that enter the constraint that
determines χ are only those that break the conformal invariance and the
constant of integration M . Since the new terms involving the gauge fields
do not break the conformal invariance (7), (8), (9), (10), the relevant terms
that violate this symmetry are only the U and V terms and the constraint
remains the same. We can then continue and construct all the equations
of motion as before.
The easiest way to summarize the result of such analysis is to consider
the effective action in the Einstein frame, as we did in the previous case
where we did not have gauge fields. Now, for the case where gauge fields
are included in the way described by (16), all the equations of motion in
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the Einstein frame will be correctly described by
Seff =
∫ √−g¯d4x
[
−1
κ
R¯(g¯) + p
(
φ,R,X,F aµν , g¯
αβ
)]
(17)
p =
χ
χ− 2κǫR
[
X +
N
2
√
−F aµνF aαβ g¯µαg¯νβ
]
− 1
4
F aµνF
a
αβ g¯
µαg¯νβ −Veff (18)
Veff =
ǫR2 + U
(χ− 2κǫR)2 (19)
where
χ =
2U(φ)
M + V (φ)
(20)
We have again two possible formulations concerning R: Notice first that R¯
and R are different objects, the R¯ is the Riemannian curvature scalar in
the Einstein frame, while R is a different object. This R will be treated in
two different ways:
1. First order formalism for R. Here R is a lagrangian variable, de-
termined as follows, R that appear in the expression above for p can be
obtained from the variation of the pressure functional action above with
respect to R, this gives exactly the expression for R that can be solved for
by using the equations of motion in the original frame (and then reexpresing
the result in terms of the bar metric), in terms of X,φ, etc.
2. Second order formalism for R. R that appear in the action above
is exactly the expression for R which can be solved from the equations of
motion in terms of X,φ, etc. Once again, the second order formalism can
be obtained from the first order formalism by solving algebraically R from
the eq. obtained by variation of R , and inserting back into the action.
Now R is given by
R =
−κ(V +M) + κχ
(
X + N2
√
−F aµνF aαβ g¯µαg¯νβ
)
1 + 2κ2ǫ
(
X + N2
√
−F aµνF aαβ g¯µαg¯νβ
) (21)
5 Regular gauge field dynamics inside the bags
From (17), (18) and (20), we see that the N term, responsible for the
confining gauge dynamics, gets dressed in the Einstein frame effective action
by the factor χ
χ−2κǫR , we will have to check also whether Veff contributes
to the gauge field equations of motion.
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As we consider regions inside the bags, where φ → −∞, we see that χ
as given by (20), approaches zero forM 6= 0, for the case therefore ǫ 6= 0 the
N term inside the bags disappears. Notice that if we had not introduced
the curvature squared term (i.e. if ǫ = 0) this effect would be absent.
In this same limit and with the same conditions, using only that as
φ → −∞, U → 0 and χ → 0, we see that still, in the more complicated
theory with gauge fields the same bag constant Veff → 14ǫκ2 is obtained, so
Veff does not contribute to the gauge field equations of motion, but does
provide the Bag constant.
In the limit φ→ −∞, the only term providing gauge field dynamics is
the standard term −14F aµνF aαβ g¯µαg¯νβ .
6 Confining gauge field effective action outside
the bags
We are going to assumeM > 0, so to keep χ positive and finite everywhere
and take now the opposite limit, φ→ +∞ . Furthermore, the choiceM > 0
pushes the scalar field outside the bag to large values of φ, since the absolute
minimum of the effective potential is found for such values, then confining
dynamics appears,
Veff → C + 4B
[
X +
N
2
√
−F aµνF aαβ g¯µαg¯νβ
]2
(22)
and
χ
χ−2κǫR
[
X + N2
√
−F aµνF aαβ g¯µαg¯νβ
]
→
A
[
1 + 2κ2ǫ
[
X +
N
2
√
−F aµνF aαβ g¯µαg¯νβ
] ] [
X +
N
2
√
−F aµνF aαβ g¯µαg¯νβ
]
(23)
where the constants A, B and C are given by, A = f2
f2+κ2ǫf21
, B = ǫκ
2
4 A and
C =
f2
1
4f2
A. Therefore, the resulting dynamics outside the bag, for φ→ +∞
will be described by the effective action (expressing B in terms of A),
Seff,out =
∫ √−g¯d4x
[
−1
κ
R¯(g¯) + pout (φ,X,F )
]
(24)
pout (φ,X,F ) = AX+A
N
2
√
−F aµνF aαβ g¯µαg¯νβ−(1+N2ǫκ2A)
1
4
F aµνF
a
αβ g¯
µαg¯νβ
+ANǫκ2X
√
−F aµνF aαβ g¯µαg¯νβ +Aǫκ2X2 − C (25)
8
Full details concerning these developments have been presented else-
where [28]. Working in the case where gravitation plays an important role,
one could also think of using the approach developed here to generalize the
”hiding” [29] and ”hiding and confining effects”[30], where the confining re-
gion is an uncompactified space-time and where charges send the gauge field
flux they generate completely into a ”flux tube-like” compactified region.
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